The transport of salt, necessarily coupled with the transport of water, through porous building materials may heavily limit their durability due to possible deterioration and structural damage. Usually, the binding of salt to the pore walls is assumed to occur instantly, as soon as the salt is transported by water to a given position. We consider the advection-diffusion model of the transport and generalize it to include possible delays in the binding. Applying the Boltzmann-Matano method, we calculate the diffusion coefficient of the salt in dependence on the salt concentration and show that it increases with the rate of binding. We apply our results to an example of the chloride transport in a lime plaster.
Introduction
One of the key problems in real situations where the mass transport by diffusion occurs is the fact that the corresponding diffusion coefficients may strongly depend on the concentration of the transported species. Without a detailed knowledge of this dependence, the analysis of the transport could be rather inaccurate and yield misleading results. If the transport is simple enough to be described as onedimensional, then the Boltzmann-Matano method [1, 2] is often applied as a convenient technique to derive a varying diffusion coefficient. To do so, the method uses a known concentration profile (usually from experimental data), that is, the concentration as a function of the Boltzmann variable = /√ , where and are the position and time, respectively.
The calculation of the diffusion coefficient by the Boltzmann-Matano method is most frequently performed numerically. This has several drawbacks: the resulting diffusion coefficient is given in a discrete format and may require a final smoothing to remove illogical jumps or spikes, the reliability of the results should be verified by back-calculation of the original profile, and the sensitivity of the results to various model parameters is rather time consuming to examine [3] . In addition, the whole numerical determination procedure must be performed afresh for each studied situation. It is possible to avoid all of these drawbacks by employing an analytical approach. For such a case, the concentration profile is approximated by an analytical curve from which a formula for the varying diffusion coefficient is obtained [4] [5] [6] [7] [8] .
The analytical approach can be a very useful tool for practical engineering calculations. We applied the approach in [9] to the diffusion-advection model of Bear and Bachmat [10] that has been used to study a coupled water and salt transport in porous building materials. In this case, proper understanding of the transport is crucial for the assessment of durability of the materials, because moisture and salt can cause serious deterioration and structural damage. In [9] it was implicitly assumed that the binding of salt to the pore walls occurs instantly whenever the salt is transported by water to a given position. Here we wish to generalize our analytical results to include the fact that the binding of salt is somewhat delayed and to study the effect of this phenomenon on the diffusion coefficient of salt. Such an effect has been lately studied in connection with the chloride ion penetration into concrete, using a transport model based on the concrete 2 Advances in Mathematical Physics electrical resistivity [11] . They accounted for a slower chloride advance simply by adding a phenomenological multiplication factor in the apparent diffusion coefficient. In this study our approach will be more advanced: we implement the relaxation into the salt concentration profile and examine how this affects the diffusion coefficient.
Theoretical Background
2.1. The Diffusion-Advection Model. The Bear-Bachmat diffusion-advection model for the transport of a salt solution together with the water mass balance is given as [10] (
where is the volumetric moisture content, is the concentration of a free salt in water, is the concentration of a bound salt in the whole porous body, is the salt diffusion coefficient, and k is the Darcy velocity. Since k can be expressed via the moisture content as k = − ( )∇ , where is the moisture diffusivity, model (1) is a system of two coupled partial differential equations with two material parameters, and , and three input quantities, , , and . Measurable quantities are the moisture content and the total concentration, , given as
Nevertheless, all three input quantities are known, as soon as the binding isotherm, that is, the dependence
is determined for the studied material from an experiment. In the one-dimensional case, model (1) may be rewritten as
Here = ( , ) is the solution of the equation = ( − ( ))/ (see (2) and (3)). In formulation (4) of the model there are two quantities, ( , ) and ( , ), to be found.
In a typical experiment, a completely dry prismatic sample is exposed by one of its faces to a penetrating salt solution (water) with a concentration 0 (with a moisture content 0 ). At the same time, the opposite face is kept dry, while the lateral sides are insulated to make the solution transport one-dimensional. The initial and boundary conditions corresponding to such an experiment with an idealized infinitely long sample are given as
Relaxation in Binding of Salt.
In the binding isotherm (3) the salt is assumed to become bound at a given position, , immediately at the time when the salt is first transported by water flow to . Note that this time depends on position . In reality, however, the binding is always somewhat delayed. We may take this fact into account by replacing isotherm (3) by the relation
where ( , ) characterizes the delay of the salt binding. It should be vanishing before the time, , when the salt is first transported by water to a position . In addition, it should be increasing after = , approaching 1 as → ∞. We will consider a simple form of given as follows (see Figure 1 (a)):
in which the onset of the salt binding (which begins at ) is described by the exponential with a relaxation time > 0 (see Figure 1 ). As approaches zero, turns into a step function, which corresponds to an immediate binding of salt. Thus, in the limit → 0, the modified isotherm (6) yields the original isotherm (3) (note that = 0 at any position for < ). On the other hand, the limit → ∞ yields a vanishing , which corresponds to no binding of salt.
In many experiments the involved concentrations are low, so that the linear (Henry) isotherm is applicable; ( ) = with a constant > 0. We will consider this isotherm in the following. Then the free concentration in the onedimensional model (4) is explicitly given as
The Boltzmann-Matano Method.
Using the transformation = /√ and observing that / = (1/√ ) / and / = −( /2 ) / , the one-dimensional diffusionadvection model (4) may be rewritten as
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where 0 = /√ (above this value the concentration profile ( ) is negligible) and = /√ (see Figure 1(b) ). The initial and boundary conditions (5) read ( = 0) = 0 , ( = 0) = 0 , and ( = ∞) = ( = ∞) = 0.
We may integrate (9) from to ∞, assuming that both ( ) and ( ) vanish as → ∞ (because both and approach constants at large ). This will enable us to express the moisture diffusivity and diffusion coefficient as [12, 13] 
Here we expressed as the sum of two contributions, 1 and 2 , and we introduced the integrals
Thus, the moisture diffusivity and the diffusion coefficient can be calculated from (11) and (12), provided the moisture and concentration profiles ( ) and ( ) are known. Note that < 0, < 0, > 0, 2 > 0, and 1 < 0, because the moisture and concentration profiles are decreasing (as follows from the initial and boundary conditions in (5)). Thus, to get a positive diffusion coefficient , it is necessary that | 1 | is smaller than 2 .
2.4. Analytical Approach: Moisture Diffusivity. It may be difficult to numerically evaluate the moisture diffusivity and diffusion coefficient from (11) and (12), respectively, using experimental data on the profiles ( ) and ( ). This is mainly due to possible inaccuracies in the evaluation of the derivatives and . An alternative approach is, therefore, to use model formulas to accurately approximate the profiles and subsequently evaluate and analytically. This approach goes back to the 1953 work of Hall [4] and has been conveniently used lately [5] [6] [7] [8] [9] .
Similarly to [4, 9] , we will use here the error function, erf, as the model formula to approximate the profiles. This choice is expected to be reasonable when the experimentally measured profiles are "S-shaped." It is inspired by the fact that the error function is known to be an exact solution to the onedimensional diffusion equation with a constant diffusivity [14, 15] .
For the moisture profile we will consider the model profile
where erfc = 1−erf is the complementary error function. The parameters 1 and 1 specify the slope at the profile's maximal drop and its position, respectively, and ℎ 1 = 0 /2 is the halfheight of the moisture profile. The factor √ /2 was added just to make the slope equal to − 1 ℎ 1 rather than to −2 1 ℎ 1 /√ . If one approximates the experimental moisture profile by model one, ( ) ≈ w( ), from (11) it follows that [9] ( ) ≈ 2w ( )
yielding ( ) = 1 2 1
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Using also (14) , one may express the moisture diffusivity as a function of the moisture content [9] :
where ≡ 2 / 0 and ≡ erfc −1 . We use erfc −1 to denote the inverse complementary error function. Expression (17) for the moisture dependence of the moisture diffusivity is in agreement with the general result derived already by Hall [4] . Note that, at low moisture contents, ( ) ≈ 0 +
Analytical Approach: Diffusion Coefficient.
If we employ a model profile for the total concentration that is similar to the moisture profile,
where ℎ 2 = 0 /2, 2 , and 2 have an analogous meaning as in (14), we can obtain a formula for the dependence of the diffusion coefficient . Indeed, in the approximations ( ) ≈ w( ) and ( ) ≈ C( ), the free salt concentration is given as
where
Since the integral
analogously to (15) , from (12), we get
This is the desired expression for the dependence of the diffusion coefficient. Its explicit form-which follows upon plugging in the formulas from (14), (18), (20), and (21)-is rather complex. 
Application to Experiment
Let us illustrate our above results and obtain the moisture diffusivity and diffusion coefficient for an experiment in which a one-dimensional coupled moisture and chloride transport in a lime plaster was studied [13] (see the paper for the experimental details). The corresponding profiles ( ) and ( ) are shown in Figure 2 . The figure also shows the least-square fits of the erfc model profiles (14) and (18) to the experimental data. The fitting parameters are listed in Table 1 . Note that 0 ≈ 9.5 × 10 −4 m s −1/2 in this experiment. In addition, the chloride binding isotherm for the studied lime plaster turns out to be rather precisely linear: up to = 36 kg⋅m −3 , the line = with the constant = 2.43 fits the experimental data with good accuracy [9] . It can be therefore safely assumed that the Henry binding isotherm is applicable. Using this fact and (8), the free chloride concentration is shown in Figure 3(a) . The profile strongly depends on the value of that specifies how fast the chloride binding in the lime plaster occurs. We will exclude small values 0 ≤ ≤ 0.9 0 (i.e., too slow binding of salt) for which the profile is physically inappropriate (not decreasing). We will discard the part of the profile within the interval > 0 for the same reason. The so-obtained concentration profiles ( ) are plotted in Figure 3 (b).
Applying (23), we obtained the dependence of the diffusion coefficient for several values of (see Figure 4 ). It is clear that decreases with , especially at large values of , reaching a minimum for the limiting case → ∞ when the salt binding occurs instantly. Thus, the relaxation of salt binding makes the diffusion coefficient grow. The figure also shows that the part 1 of is negative and its absolute value does not exceed 1/10 of the part 2 (except at close to 0 ).
If we wish to obtain the dependence of the diffusion coefficient on the free concentration , we may numerically eliminate between the first relation in (19) and expression (23). The result is plotted in Figure 5 for the same values of as in Figure 4 . The conclusions on the behavior of ( ) remain true also for ( ). Thus, decreases as the salt binding becomes faster and faster, and the smallest corresponds to an instant salt binding. Moreover, 1 is negative, and | 1 | is less than a tenth of 2 .
Finally, let us note that the role of the relaxation of the salt binding is formally included in the quantities and . The reason is that only these quantities contain the function that simulates the delay in the salt binding. When there is no delay ( = 1), the expression (23) for ( ) reduces to the corresponding expression obtained in [9] where instant salt binding was considered. The present results are thus generalizations of those from [9] .
Conclusions
We considered the advection-diffusion model of a coupled water and salt transport in porous materials in which the time relaxation of the binding of salt was included. We applied the Boltzmann-Matano method to calculate the diffusion coefficient of the salt in dependence on the salt concentration, using model profiles for the moisture and concentration expressed via the error function. We used the resulting formulas to study, as an example, a coupled moisture and chloride transport in a lime plaster. It was shown that the chloride diffusion coefficient in this experiment increases with the rate of chloride binding. Its minimal value corresponded to an instant binding, which is implicitly assumed in most models of salt transport. Figure 4 : The dependence of the chloride diffusion coefficient on the Boltzmann variable. The full lines correspond to formula (23), using = 0 , 1.5 0 , 2 0 , 5 0 (from left to right). The inset shows that the relative contribution of 1 to is quite small, not exceeding 10%. The dashed line indicates the case with an immediate binding of salt ( → ∞). 
